Abstract Elementary mode analysis is a useful metabolic pathway analysis tool to identify the structure of a metabolic network that links the cellular phenotype to the corresponding genotype. The analysis can decompose the intricate metabolic network comprised of highly interconnected reactions into uniquely organized pathways. These pathways consisting of a minimal set of enzymes that can support steady state operation of cellular metabolism represent independent cellular physiological states. Such pathway definition provides a rigorous basis to systematically characterize cellular phenotypes, metabolic network regulation, robustness, and fragility that facilitate understanding of cell physiology and implementation of metabolic engineering strategies. This mini-review aims to overview the development and application of elementary mode analysis as a metabolic pathway analysis tool in studying cell physiology and as a basis of metabolic engineering.
Introduction
Recent advances in sequencing technologies have provided gene sequences of many different organisms (Benson et al. 2008) . Bioinformatics tools have facilitated the reconstruction of cellular metabolism of these organisms based on information encoded in their genomes (Karp et al. 2007; Caspi et al. 2006; Kanehisa et al. 2008; Duarte et al. 2007 ). To understand the phenotypic capabilities of these organisms, it is useful to characterize cellular metabolism through quantitative analysis of pathway operations.
Computational tools to analyze cellular metabolism have been developed for more than two decades. Such analysis involves the determination of metabolic fluxes defined by the rates of enzyme-catalyzed reactions participating in a metabolic network. A metabolic flux vector, also known as metabolic flux distribution, defines cellular phenotype under a given growth condition. Depending on the goals of the analysis, these tools can be grouped into three categories including (1) metabolic flux analysis (Stephanopoulos et al. 1998; Wiechert 2001) , (2) flux balance analysis (Kauffman et al. 2003; Price et al. 2004; Edwards et al. 1999) , and (3) metabolic pathway analysis Schuster and Hilgetag 1994; . Even though differences exist in the problem formulation, these tools are related. They are developed from the same mathematical principle discussed in detail later in the text.
In this mini-review, we focus primarily on elementary mode analysis which is one of the metabolic pathway analysis tools.
In general, metabolic pathway analysis identifies the topology of cellular metabolism based on only the stoichiometric structure and thermodynamic constraints of reactions where kinetic parameters are not explicitly revealed and/ or required for the calculations (Reder 1988; Schuster et al. 2002a, b; Clarke 1988) . This type of analysis has been successfully applied to various organisms to investigate metabolic network structure, robustness, fragility, regulation, metabolic flux vector, and rational strain design (Carlson and Srienc 2004a, b; Stelling et al. 2002; Poolman et al. 2004; Price et al. 2003; Schuster et al. 2000; Wiback et al. 2004; Trinh et al. , 2008 Wlaschin et al. 2006; Klamt and Gilles 2004) .
This review aims to provide an overview of the history and theory behind metabolic pathway analysis and in particular elementary mode analysis. After a brief survey of progress and advances in software and algorithm development for elementary mode analysis, the interpretations and applications of elementary mode analysis relevant to genomics, cellular physiology, and metabolic engineering with an emphasis on rational strain design are highlighted.
History of metabolic pathway analysis
Analysis of structural invariants of a (bio)chemical network has been first applied to systematically postulate the reaction mechanisms for a system of chemical reactions (Milner 1964) . This approach was further generalized for investigating the steady states and stabilities of the general relationships of dynamical systems that are interconnected through the reaction stoichiometry (Feinberg and Horn 1974; Clarke 1981) . The stoichiometric network analysis (SNA) based on convex analysis was the pioneering work in this field to identify "extreme currents" or unique pathways for a system of chemical reactions (Clarke 1988) . Since the introduction of this concept, different related approaches with modifications in problem formulation and with improvements of algorithm implementation have been proposed and developed for biological systems over the past two decades. One of the first modified approaches is elementary mode analysis introduced by Schuster in 1994 (Schuster and Hilgetag 1994) . Different from the original approach, elementary mode analysis does not decompose the reversible reactions into two irreversible reactions in calculating elementary modes (EMs) and introduces a systematic way of extracting biologically meaningful pathways from an intricate metabolic network. An alternative approach is extreme pathway analysis . This analysis can be considered as a hybrid between stoichiometric network analysis and elementary mode analysis. In calculating extreme pathways (ExPas), the analysis splits only the internal reversible reactions into two irreversible reactions while not decomposing reversible exchange reactions. A detailed discussion of differences between these two techniques will be presented in the following theory section. In addition to convex analysis, other approaches have also been proposed for metabolic pathway analysis to analyze and synthesize metabolic pathways. For instance, database searching algorithms were developed to identify pathways to link carbon-carrying metabolites (Seressiotis and Bailey 1988; Mavrovouniotis et al. 1990) . A Petri net theory was also applied to compute possible pathways that account for the inter-conversion of metabolites in a metabolic network (Koch et al. 2005; Mavrovouniotis et al. 1996) . A comparison of algorithm differences used in these techniques has been summarized by Schuster et al. (2002a, b) .
Theory of analyzing a metabolic network
The theory applied to analyze metabolic networks is developed based on the first principle of mass conservation of internal metabolites within a system (Reder 1988; Clarke 1981; Schuster and Schuster 1993) . A biological system consists usually of a single cell or a cell compartment that contains metabolites. These metabolites can be transformed to others through an intricate metabolic network of enzymecatalyzed reactions (Roels 1983) . For classification purposes, reactions that transform metabolites within the system can be considered internal reactions while reactions involving the transport of metabolites in and out of the system can be considered to be exchange reactions (Schuster and Hilgetag 1994; . The general equation to describe the mass conservation of metabolites in a system of defined volume can be written as
where C (mol/L) is the concentration vector of m internal metabolites, r (mol/L/h) is the reaction rate (flux) vector of n reactions that convert metabolites, S is the stoichiometry matrix of dimension m×n whose elements s ij represents the stoichiometry coefficient of the element i involved in reaction j, and μ (1/h) is the specific dilution rate associated with the change in volume of the system. For a biological system such as a single cell, the dilution rate is much slower than the reaction rates that transform metabolites. Therefore, the contribution of volume change to the concentration changes of metabolites within the system is considered to be negligible (Stephanopoulos et al. 1998; Roels 1983; . At steady state, there is no accumulation of internal metabolites in the system and Eq. (1) can be simplified to
Due to thermodynamic constraints, reactions have to proceed in the appropriate direction. Some reactions r i in r are irreversible and require additional constraints on positive flux values, that is,
ð3Þ Figure 1a demonstrates an example of how to formulate the problem for a simple metabolic network. The network consists of nine reactions, two of which are reversible, and of nine metabolites, five of which are internal.
For a cellular metabolism, Eq. (2) is typically an underdetermined system where the number of metabolites is far fewer than the number of reactions. The number of metabolites defines the number of balance equations in (2) while the number of reactions represents the number of unknowns in (2). Depending on the invariant structure of the stoichiometric matrix S and the knowledge of some experimentally measured fluxes (reactions), three main techniques have been proposed to solve the system of linear Eq. (2) together with inequality constraints (3) for metabolic flux vector r. These techniques include metabolic flux analysis, flux balance analysis, and metabolic pathway analysis. Their differences are briefly discussed next and demonstrated in Fig. 1 .
Metabolic flux analysis
Traditional metabolic flux analysis calculates a metabolic flux vector r by solving Eq. (2) as follows:
Equation (4) is derived from Eq. (2) where the flux vector is partitioned into the unmeasurable flux vector r u and the measurable flux vector r m . Typically, the stoichiometric network is simplified or more fluxes are experimentally determined so that the partitioned matrix S u is invertible and r u ¼ ÀS À1 u Á S m Á r m can be solved (Stephanopoulos et al. 1998 ). This is demonstrated in Fig. 1b . Advanced metabolic flux analysis based on 13 C labeling experiments solve Eq. (4) iteratively in a more complex computational scheme (Wiechert 2001 ) (also see references therein). In general, metabolic flux analysis relies on extensive experimental data to increase the number of measurable fluxes such that the unmeasurable flux vector can be calculated. It should be noted that metabolic flux analysis computes only a metabolic flux vector r for a particular growth condition. A change in measured fluxes r m in different growth conditions will result in a different metabolic flux vector. For instance, with growth conditions that shift from sufficient oxygen supply to oxygen limitation, Escherichia coli changes its cellular metabolism by exhibiting different patterns of secretion of fermentative products (Carlson and Srienc 2004a, b; Alexeeva et al. 2000) .
Flux balance analysis Flux balance analysis is also a tool to determine a metabolic flux vector r of a cellular physiological state when knowledge of r m is limited and S u cannot be inverted to provide a unique solution. The approach is based on convex analysis by imposing an objective function to determine the metabolic flux vector (Kauffman et al. 2003; Price et al. 2004 ) (also see references therein) subject to several constraints such as substrate uptake rates and/or product secretion rates, thermodynamic constraints, metabolic regulation, and so on. For instance, Fig. 1c demonstrates the determination of the metabolic flux vector of a simple network for the case of maximizing the product P from the sole supply of substrate A. The key of this approach is to figure out what objective functions likely represent the cellular metabolism under a given growth condition (Schuetz et al. 2007 ). Flux balance analysis has been successfully applied to predict specific growth rates by imposing the constraint that cells function by maximizing their specific growth rates for given substrate uptake rates (Edwards et al. 2001) . Other frameworks that are also based on optimization strategies such as MOMA have been proposed to predict metabolic flux vectors of gene knockout mutants by imposing the constraint that mutants operate by minimizing their metabolic adjustment with respect to the wild type (Segre et al. 2002) . It should be mentioned that flux balance analysis identifies only one optimal solution while alternative optimal solutions or suboptimal solutions can exist. For instance, in Fig. 1d , f, other efficient pathways that convert A into P at the maximal yield of 2 (Cmol/Cmol) can exist such as EM6 and EM7 while EM2, EM4, and EM8 can be considered to be suboptimal. In general, flux balance analysis can calculate metabolic flux vectors based on limited experimental data and require specification of objective functions for cellular metabolism. The more fluxes can be measured, the more accurately the flux vector can be computationally determined. However, the metabolic flux vector may not be unique. The approach depends very much on the validity that the formulated objective function indeed correctly represents the working system. Similar to metabolic flux analysis, flux balance analysis identifies a single metabolic flux vector under a given growth condition.
Metabolic pathway analysis In contrast to the above techniques, metabolic pathway analysis can identify all metabolic flux vectors that exist in a metabolic network without requiring knowledge of any fixed flux rates or imposing any objective function for cellular metabolism. The solutions of Eq. (2) together with the inequality (3) constitute the admissible flux space which is also known as the convex polyhedral cone (Rockafellar 1970) . The inequality (3) represents the thermodynamic feasibility constraint or sign restriction constraint Schuster and Hilgetag 1994; Schuster et al. 2002a, b; Gagneur and Klamt 2004) . The number of these solutions is infinite. However, additional constraints on the admissible flux space such as non-decomposability and systematic independence can form a finite set of solutions. The application of these additional constraints results in different, but closely related, techniques for metabolic pathway analysis including elementary mode analysis (Schuster and Hilgetag 1994) and extreme pathway analysis .
Elementary mode analysis calculates all solutions in the admissible flux space by solving Eq. (2) in conjunction with the thermodynamic constraint (3) and an additional non-decomposability constraint. Each solution presents an elementary (flux) mode. The non-decomposability constraint ensures that each elementary mode is unique up to a positive scalar factor because removal of any reaction in an elementary mode will automatically disrupt the entire pathway. Therefore, each elementary mode can be defined as a unique, minimal set of enzymes (participating reactions) to support steady state operation of a metabolic network with irreversible reactions to proceed in appropriate directions (Schuster and Hilgetag 1994; Schuster et al. 2002a, b; Pfeiffer et al. 1999) .
Different from elementary mode analysis, extreme pathway analysis contains one additional constraint to make all extreme pathways systematically independent Papin et al. 2003 Papin et al. , 2004 . Systematic independence implies that none of the extreme pathways can be expressed as a non-negative combination of at least two other extreme pathways. Even though some elementary modes are not systematically independent, they are genetically independent due to the direct implementation of the non-decomposability constraint. In other words, all elementary modes are genetically independent since each contains a different set of functional genes that can support cellular function at steady state. In addition, extreme pathways are a subset of elementary modes. The two sets of extreme pathways and elementary modes are identical when all reactions including both internal and exchange reactions are irreversible in a metabolic network. Therefore, the identification of extreme pathways depends on the reconfiguration of the metabolic network analyzed while the identification of elementary modes does not. For instance, extreme pathways that are identified in a metabolic network with each reversible exchange reaction split into two irreversible reactions may not be extreme pathways anymore in the original metabolic network with reversible exchange reactions not split .
Due to the close relatedness in computing both elementary modes and extreme pathways, Jevremovic et al. (submitted) have recently developed a simple rank/nullity test to distinguish extreme pathways from elementary modes only by using the invariant stoichiometric matrix. Furthermore, the test can also determine whether a pathway is an extreme pathway or an elementary mode even before computing both sets of elementary modes or extreme pathways separately. This rank/nullity test is a very useful tool for researchers to assess the complete set of elementary modes and to be able to extract from it the subset of extreme pathways (Fig. 1d) . Fig. 1 Analysis of a simple metabolic network. a Problem statement. The system is confined by the dashed line and consisted of internal metabolites A, B, C, D, and P that are linked through internal reactions r 2 , r 3 , r 5 , r 6r , r 7 . External metabolites A ext , B ext , D ext , and P ext can either enter or exit the system by exchange reactions r 1 , r 8r , r 4 , r 9 , respectively. Two reversible reactions r 6r and r 8r allow the reactions to proceed in either forward or backward directions. By definition, reversible reactions can have either positive or negative fluxes but irreversible reactions only have non-negative fluxes. From the stoichiometric reactions, a stoichiometric matrix S for internal metabolites can be set up where rows correspond to internal metabolites and columns represent reactions. Each element s ij represents the stoichiometric coefficient of a metabolite i in reaction j. The coefficient is positive if the metabolite (product) is produced and negative if the metabolite (reactant) is consumed. b Metabolic flux analysis. The stoichiometric matrix S is partitioned into S u S m h i and r is partitioned into r u r m ½ where subscripts u, m are referred to "unmeasured" and "measured", respectively. The calculation of r u is feasible if and only if r m is known. c Flux balance analysis. The objective function is to maximize flux through the secretion of desired product P when only A is considered the only substrate with r 1 =1 unit. d Metabolic pathway analysis. By using METATOOL, elementary mode analysis identifies eight unique elementary modes listed in the matrix form EM where rows correspond to reactions and columns represent elementary modes. The asterisks indicate that these elementary modes are also extreme pathways. e Geometric interpretation. The admissible flux cone represents all possible pathways that can exist. The cone is spanned by four extreme pathways that represent the edge of the cone. Some elementary modes lie on the face and inside the cone. Metabolic flux analysis identifies only a pathway that lies anywhere in the cone (star in purple). Differences between elementary mode analysis and extreme pathway analysis are presented in the example of a simple network shown in Fig. 1 . Figure 1d ,f shows the complete set of eight elementary modes (EMs), four of which are also extreme pathways (ExPas). While metabolic flux analysis and flux balance analysis only calculate, in general, a single metabolic flux vector under a given growth condition (Fig. 1c,e) , metabolic pathway analysis such as elementary mode analysis can identify all metabolic flux vectors that exist in a cellular metabolism without requiring any knowledge of some measured fluxes (Fig. 1d-f) . This characteristic allows a systematic and objective evaluation of metabolism capabilities in terms of cellular robustness, fragility, and regulation.
Algorithm and software development for elementary mode analysis
Since the concept of elementary mode analysis was introduced in 1994 (Schuster and Hilgetag 1994) , there has been an ongoing effort to develop more efficient algorithms during the last two decades. One of the improvements of the algorithm involves the reduction of the size of the stoichiometric matrix used for calculating elementary modes. Examination of the null space of the stoichiometric matrix can detect reactions that produce or consume unbalanced metabolites having neither sinks nor sources. These reactions can be automatically removed from the network for further calculation since fluxes though these reactions are always null (Reder 1988; Schuster and Schuster 1991) . The null space also allows identification of reactions that operate in a linear pathway without branches with a fixed flux ratio. These reactions can be lumped into one reaction and hence reduce the size of the stoichiometric matrix used for calculating elementary modes. Some earlier versions of the publicly available software developed for calculating elementary modes are METATOOL (Pfeiffer et al. 1999) , GEPASI and its successor COPASI (Hoops et al. 2006) , and FluxAnalyzer . A similar software with a closely related algorithm has been developed for calculating extreme pathways (ExPas) (Bell and Palsson 2005) . In all of these software, the core of computing elementary modes is written in the C language. However, the FluxAnalyzer is also developed with a user-friendly interface based on the MATLAB environment (The Mathworks, Inc., USA) and contains additional features to analyze the metabolic network . Recent improvements in algorithm implementation have further advanced software development to compute elementary modes for larger metabolic networks. The original approach is to solve the equality (2) and the inequality (3) simultaneously while the latter approach known as null space approach first solves the equality (2) and then satisfies the inequality (3) while still in the null space (Wagner 2004; Urbanczik and Wagner 2005b) . The recently developed software SNA uses the null space approach and is written in MATHEMATICA (Wolfram Research, Inc., USA) (Urbanczik 2006) . Recent METATOOL software has also incorporated this algorithm together with an efficient rank test to check the elementarity of a mode (von Kamp and Schuster 2006) . The computation of elementary modes by the latest METATOOL has codes written in either C language or MATLAB. YANA is also a recently developed software based on METATOOL that has a user-friendly interface with additional built-in tools for metabolic network analysis (Schwarz et al. 2005) . A recent version, YANAsquare, further introduces the software capability to automatically import reconstructed metabolic networks of different microorganisms from the KEGG database (Schwarz et al. 2007a, b) . Gagneur and Klamt (2004) further suggest that the implementation of the binary approach during computation of elementary modes can reduce the memory demand by as much as 96%. This approach was included in FluxAnalyzer 5.1, and later the software name was changed to CellAnalyzer after including the analysis of signal transduction pathways (Klamt et al. 2007) .
Computing all elementary modes is expensive, especially for a large metabolic network . However, the extremely useful feature of knowing all pathway possibilities will continue to stimulate the development of more efficient algorithms, computational techniques, and problem formulations that will enable also handling of networks at a genome scale level. Encouraging results have been obtained by parallel computing (Klamt et al. 2005; Samatova 2002 ), network decomposition (Schuster et al. 2002a, b; Schwartz et al. 2007a, b) , or examination of only a functional conversion flux cone encapsulated in the parent flux cone (Urbanczik and Wagner 2005a) .
Yields for all genetically independent pathways
Metabolic pathway analysis based on elementary mode analysis can rigorously identify all genetically independent pathways that are inherent in a metabolic network (Schuster et al. 2002a, b) . Since all elementary modes are unique up to scalar multiples, the fluxes in each mode represent only relative values. The most meaningful values are fluxes of an entire pathway that are normalized with respect to a flux of interest in a reaction such as a substrate flux or a product flux. This pathway definition allows a systematic approach to accurately compare molar yields of a metabolite with respect to another in multiple pathways (Pfeiffer et al. 1999) . Knowledge of all possible pathways inherent in a metabolic network allows the assessment of pathways of interest based on their molar yields and hence direct metabolic engineering strategies (Schuster et al. , 2000 . For instance, as shown Fig. 1d, f, From these four EMs, it is straightforward to calculate the molar yields of P on A as follows: Y P/A =r 4 /r 1 . The result shows that EM 6 and EM 7 achieve the highest molar yield of 2 while EM 4 and EM 8 achieve the lowest molar yield of 1. Therefore, EM 6 and EM 7 are the most efficient pathways to convert A to P while EM 4 and EM 8 are not. It is interesting to observe in this simple network that there is no extreme pathway to convert the substrate A into the product P. This example demonstrates that extreme pathways have limitations for the direct interpretation of functional pathways.
The first reported application of elementary mode analysis to a real biological system for the purpose of metabolic engineering is the optimization of the production of 3-deoxy-D-arabino-heptulosonate-7-phoshpate (DAHP) in E. coli. DAHP is a main precursor for the amino acid synthesis pathways of tyrosine, phenylalanine, and tryptophan. Through the examination of flux vector of individual pathways in a simplified metabolic network of E. coli central metabolism, the most efficient DAHP-producing pathway can be identified and optimized by over-expressing enzymes of key reaction steps, that are likely rate limiting, to achieve in vivo a molar yield of DAHP close to the theoretical value (Liao et al. 1996) . With improvements in software development for elementary mode analysis (Pfeiffer et al. 1999; von Kamp and Schuster 2006) , more complicated metabolic networks of different microorganisms have been analyzed in silico to design efficient and robust strains to produce desired products and followed by in vivo experiments to confirm prediction. For instance, elementary mode analysis has also been applied to predict anaerobic synthesis of poly-β-hydroxybutyrate (PHB) in transgenic Saccharomyces cerevisiae (Carlson et al. 2002) and E. coli Carlson et al. 2005) , the optimal synthesis of recombinant proteins in E. coli (Vijayasankaran et al. 2005) , the optimal production of L-methionine in E. coli and Corynebacterium glutamicum (Kromer et al. 2006) , and the optimal production of cyanophycin in recombinant strains Psedomonas putida and Ralstonia eutropha (Diniz et al. 2006) . Elementary mode analysis was also applied to study the physiology of the photosynthate metabolism of the chloroplast stroma (Poolman et al. 2003 ) and the metabolic capabilities of Methylobacterium exorequens AM1 (Van Dien and Lidstrom 2002) and purple non-sulfur bacteria .
Similar to elementary mode analysis, extreme pathways have also been used to examine the metabolic capabilities of human red blood cell metabolism (Wiback and Palsson 2002) , Haemophilus influenzae Rd metabolism Papin et al. 2002a) , and Helicobacter pylori metabolism (Price et al. 2002) .
Determination of metabolic flux vector
A metabolic flux vector is defined by the cellular physiological state of a cell under a given growth condition and consists of a weighted average of all elementary modes that are present. It shows what participating reactions are active and how fluxes through these reactions describe the physiological state. Knowledge of the metabolic flux vector helps in understanding the cell physiology when perturbations such as genetic modifications and growth conditions are imposed on cell growth. Since metabolic pathway analysis can identify all genetically independent pathways inherent in a metabolic network, any pathway or a non-negative linear combination of pathways such as elementary modes or extreme pathways can describe the physiological states of cellular metabolism under different growth conditions. However, the challenging tasks are to figure out how to assign weighting factors to elementary modes or extreme pathways to describe a physiological state of interest and how to determine these weighting factors when they change from one physiological state to another in response to growth perturbations. Several different approaches using metabolic pathway analysis have been reported with encouraging results.
By using elementary mode analysis, Carlson and Srienc identify the four most efficient physiological states that can map the overall flux states of the E. coli central metabolism as a function of oxygen consumption rates. Each flux state consists of an efficient biomass-producing elementary mode and an efficient energy-producing elementary mode (Carlson and Srienc 2004a, b) . By using only the experimentally determined specific glucose uptake rates, weighting factors for the efficient biomass and energy-producing elementary modes can be derived for each flux state. In the study, the resulting flux vector patterns under different oxygen limitation can be calculated and agree with experimental data (Carlson and Srienc 2004a, b) . This result implies that a highly evolved organism evidently functions according to pathways that are highly efficient.
Another method proposed to predict the metabolic flux vector of a cellular physiological state is to use the concept of the α-spectrum (Wiback et al. 2004; Wiback et al. 2003 ).
The α-spectrum defines which extreme pathways can constitute the metabolic flux vector of a physiological state and the range of weighting factors for the corresponding extreme pathways. The α-spectrum is considered to be a conservative technique since it only determines the range of metabolic flux vectors rather than the exact values. The range is calculated by minimizing and maximizing the weighting factors of extreme pathways constrained by some experimentally determined fluxes. The range or width of the α-spectrum becomes narrower if more experimentally determined fluxes or transcriptional regulatory constraints (Covert and Palsson 2003) are available. It should also be noted that, due to the possible existence of multiple optimal solutions obtained from linear programming optimization, the number and values of weighting factors assigned for extreme pathways may not be unique. The α-spectrum approach has been applied to investigate the E. coli central metabolism (Wiback et al. 2004 ) and the human red blood cell metabolism . Based on the concept of the α-spectrum, Kurata et al. (2007) further introduced a heuristic, non-mechanistic model to determine the range of flux vectors of mutants by incorporating into the model the enzymatic activities of the mutant relative to the wild type and its metabolic flux vectors. A closely related optimization method based on linear programming has also been proposed to determine flux vectors of cellular metabolism. With the objective function of maximizing the number of elementary modes constrained by some experimentally determined exchange fluxes, Nookaew et al. could estimate the weighting factors, also called flux regulation coefficients, of elementary modes. This technique has been applied to several Saccharomyces species under various growth conditions (Nookaew et al. 2007 ).
Poolman et al. proposed an alternative method based on the Moore-Penrose generalized inverse to determine weighting factors for elementary modes such that the sum of all weighting factors squared is minimized. The technique also helps to evaluate the measurement errors for experimentally determined fluxes. The approach was applied to calculate the metabolic flux vectors of Lactobacillus rhamnosus during batch growth and to examine the fluctuations of weighting factors for elementary modes during the fermentation (Poolman et al. 2004) . A similar approach was also applied to identify weighting factors of elementary modes for yeast glycolysis (Schwartz and Kanehisa 2005) . Schwartz and Kanehisa (2006) further investigated the effect of change in enzymatic kinetics on the steady state metabolic flux vector and hence on the weighting factors of elementary modes by incorporating kinetic modeling. First, the kinetic model was simulated to obtain steady state metabolic flux vectors for different random perturbations of enzyme kinetics. These metabolic flux vectors were then decomposed to identify the weighting factors of elementary modes. This approach facilitates the identification of the most dominant subset of biologically active elementary modes among the complete set of elementary modes that can be very large.
For a large metabolic network, the total number of elementary modes can reach several millions. Wang et al. proposed a quadratic programming approach to assign weighting factors for a smaller subset of elementary modes that are randomly chosen by minimizing the difference between the calculated fluxes and measured fluxes. This approach can potentially identify the dominant modes representing cellular metabolism under a given growth condition (Wang et al. 2007 ). It will be interesting to see whether the subset of identified elementary modes coincides with that of the extreme pathways since the set of extreme pathways is typically several orders of magnitude smaller than the set of elementary modes. This task can be easily examined by using the rank/nullity test developed by Jevremovic et al. (submitted) .
Another interesting approach to calculate weighting factors comes from classical thermodynamics . The individual weighting factors can be formally viewed as probabilities that a given elementary mode is used within a functioning metabolism. In a metabolic network, as substrates are consumed, the energy contained within their chemical bonds is used by the cellular metabolism. Some of this energy is used to build new bonds between metabolites to build larger macromolecules. Usable energy is also lost as heat. This constant flux of products and substrates can be modeled in classical thermodynamics as an open system in near equilibrium steady state (Qian and Beard 2005; Qian et al. 2003) . Elementary modes with the same overall stoichiometry have been grouped into families of EMs. Each family stoichiometry is viewed as a "reaction" in classical thermodynamics. This effectively reduced the number of weighting factors that could be estimated from a completely determined system . It was found that the weighting factors correlated inversely with the corresponding entropies of reactions. The reaction generating the least amount of entropy had the largest weighting factor. This result is a direct validation of Prigogine's (1945) principle of minimal entropy production in an open irreversible system operating at steady state.
Analysis of metabolic network properties
Network structure Determination of the complete set of all minimal and unique pathways by metabolic pathway analysis allows a systematic evaluation of basic structures of a metabolic network such as pathway lengths, reaction participation in a pathway, and the correlated subsets of reactions. Papin et al. (2002b) reported a simple implemen-tation of linear algebra on the extreme pathway matrix to form the symmetric pathway length matrix and reaction participation matrix and to extract from these matrices useful characteristics demonstrated for cellular metabolisms of Helicobacter pylori and Haemophilus influenza. The diagonal elements of the pathway length matrix define how many reactions participate in an extreme pathway while the off-diagonal elements represent the number of reactions shared by two different extreme pathways. Similarly, the diagonal elements of the reaction participation matrix represent how many extreme pathways utilize a particular reaction while the off-diagonal elements define the number of extreme pathways shared by two different reactions. This analysis is useful to classify groups of reactions that always, sometimes, or never contribute to the synthesis of a desired product. Even though the technique is demonstrated for the extreme pathway matrix, it is completely applicable also for the elementary mode matrix. It should be noted that the method of detecting correlated reaction subsets can also be implemented by analyzing the null space of the stoichiometric matrix without using the extreme pathway matrix or elementary mode matrix (Pfeiffer et al. 1999; Poolman et al. 2007 ).
Network robustness Decomposition of a complex cellular metabolism by metabolic pathway analysis into a complete set of genetically independent pathways reveals detailed information of interrelationships between metabolic network structure and cellular functionality such as cellular robustness and regulation. In the context of cellular metabolism, robustness is defined as the ability of cells to achieve the optimal performance even under perturbations imposed by a gene knockout Barkai and Leibler 1997; Edwards and Palsson 2000a, b) . By analyzing the entire set of elementary modes of E. coli metabolism, Stelling et al. (2002) reported that the network is highly robust and maintains high biomass yield in cells containing single gene knockouts. The robustness of cellular metabolism is mainly due to the redundancy of pathway options that the wild type can choose from to function to achieve similar performance. Such a high redundancy is also observed in Haemophilus influenza (Papin et al. 2002a ) and Helicobacter pylori (Price et al. 2002) .
Network regulation Metabolic pathway analysis can also be applied to reveal the regulation pattern based on the structure of a metabolic network. The functional operation of pathways under a given growth condition is a result of complex interactions of cellular phenotype and genotype that can be quantified though metabolic fluxes and expression transcripts. To approach the problem, Stelling et al. (2002) introduced a technique to calculate the controleffective fluxes from the set of elementary modes. The resulting fluxes are weight-averaged values that are taken into account for both network flexibility and network efficiency. In the paper, Stelling et al. defined that the network flexibility reflects the ability of cellular metabolism to adjust with different growth environments while network efficiency represents the ability of cellular metabolism to achieve maximal outcomes such as maximal growth yield by utilizing minimal resources such as investments to produce enzymes. The technique allows direct calculation of flux ratios for each reaction in a pathway and provides a basis for direct comparison with expression transcripts under perturbations. By analyzing the central metabolism of E. coli, Stelling et al. (2002) found that there is strong correlation of control-effective flux ratios and corresponding expression transcript ratios for growth on glucose and on acetate. Cakir et al. also used the same approach to investigate in yeast Saccharomyces the correlation of control-effective flux ratios and corresponding expression transcript ratios for growth on glucose and on galactose (Cakir et al. 2004 ) and for shifts from a fermentative carbon source to a nonfermentative carbon source such as ethanol, acetate, and lactate during fermentation (Cakir et al. 2007 ).
Price et al. suggested a very interesting approach that the single value decomposition on the extreme pathway matrix can be applied to identify the key branch points of the metabolic network. This information is useful for designing strategies to redirect carbon flow to desired pathways (Price et al. 2002) . Carlson (2007) has recently reported a very interesting view based on elementary mode analysis to investigate the principal design of cellular metabolism through costbenefit analysis. This analysis reveals an interesting correlation between synthesis requirements for cellular operation (investment cost) and thermodynamic efficiency (operating cost) under growth conditions of nutrient sufficiency, scarcity, and excess. Due to the high robustness of cellular metabolism afforded by isozymes and parallel pathways, cells can switch on and off pathways to modulate their metabolism to accommodate the nutrient availability. Interestingly, the study reported that the efficient pathways require high cost of cellular synthesis for thermodynamic efficiency, but cells trade off to utilize the inefficient pathways under growth conditions of nutrient scarcity or excess such as "overflow metabolism".
Network fragility
In complete contrast to the structural robustness of the cellular metabolism, fragility is also an important concept to help understand the network functionality. The concept of a minimal cut set has been introduced to determine the minimal set of reactions whose deletion completely blocks a target (Klamt and Gilles 2004; Klamt 2006) . The identification of a minimal cut set is useful in metabolic engineering and in the identification of drug targets (Klamt and Gilles 2004) . Several techniques have been proposed to measure the fragility of the metabolic network (Klamt and Gilles 2004; Wilhelm et al. 2004; Behre et al. 2008) .
Rational design of efficient host strains
Knowledge of all unique pathways existing in a metabolic network allows a rational in silico design of efficient host strains with specialized metabolic functionalities. By eliminating inefficient pathways, host strains can be forced to function only according to efficient pathways. Furthermore, host strains can be constrained such that the operation of efficient pathways and cell growth are coupled. With this strategy of strain design, the host strains can be used also to select and evolve foreign pathways of interest that has related function to the native efficient pathway.
Three main steps are involved in designing the novel host strains as shown in Fig. 2. Step 1 is pathway identification. By applying elementary mode analysis, all unique pathways existing in a metabolic network can be identified. It should be emphasized that this step of pathway identification may not be done by using extreme pathway analysis. The main reason is that extreme pathways are only a subset of elementary modes. A simple example in Fig. 1f demonstrates that no extreme pathway can be identified to convert A to P at the highest molar yield of 2. From Fig. 2 , the efficient pathway shown in blue can be easily selected among other inefficient pathways shown in green since knowledge of entire sets of possible pathways can be achieved by elementary mode analysis. Under a given growth condition, cells can select any combination of pathways to operate to maximize their fitness. Due to the existence of multiple pathway options, deletion of the efficient pathway will not affect cell growth since cells can use other pathways to function. The second step is pathway selection. In order to enforce cells to function only according to the efficient pathway by deleting inefficient ones, the strain can be designed such that growth and operation of the efficient pathway are complemented. The third step is pathway evolution. This step is optional. The strain designed in step 2 can be further utilized for pathway evolution. Due to the complementation of cell growth and operation of the efficient pathway, it is possible to replace an enzymatic reaction of the efficient pathway with a potential candidate that has similar enzymatic activities from a library of mutated enzymes and evolve this enzyme.
The concept of strain design can be demonstrated through the analysis of a simple metabolic network shown in Fig. 1 . For the sake of simplicity, cell growth is not incorporated into the analysis of this simple network (see Trinh et al. (2008) for this topic). In this example, it is of particular interest to identify the most efficient pathway that produces the product P from the substrate A and to enforce the operation of this pathway. We start by applying elementary mode analysis on the simple network. We can identify six EMs (EM 1 * , EM 3 * , EM 4 , EM 6 , EM 7 , and EM 8 ) out of eight EMs that can utilize the substrate A and only four EMs (EM 4 , EM 6 , EM 7 , and EM 8 ) that can convert the substrate A into the product P (Fig. 1d, f) . EM 6 and EM 7 are the two most efficient pathways that can convert the substrate A into the product P at the maximal molar yield of 2 (Cmol/Cmol). In step 2 of pathway selection, we are Step 1, arrows shown in blue constitute the efficient pathway of interest to convert S to P while arrows shown in green represent the inefficient pathway for conversion of S to P. The dashed X implies the proposed disruption of a reaction in the efficient pathway to block its operation. The blockage of the efficient pathway does not affect cellular function since cells can choose other inefficient pathways to function. In Step 2, the dashed arrows of the inefficient pathways represent their inactivation. The blockage of the efficient pathway in this step inhibits cellular function because the strain is designed to couple cell growth and the operation of the efficient pathway. In Step 3, the circles represent the plasmids carrying a library of mutated genes encoding corresponding mutated enzymes that may complement the enzyme activity of the reaction disrupted in the efficient pathway interested in identifying multiple reaction deletions such that only the operation of either EM 6 or EM 7 is feasible. The trivial solution is to remove all null fluxes in either EM 6 or EM 7 . However, due to the coupling of reactions in a pathway and of pathways in the network, it is not necessary to remove the complete set of null fluxes in the efficient pathways of interest. Instead, only a subset of the null fluxes can accomplish this. This approach requires multiple sequential rounds of reaction deletions that follow three basic rules (Trinh et al. 2008) . First, to identify a selection target, the effect of elimination of individual reactions on the number of EMs is evaluated. For instance, Fig. 3a-d demonstrates the effect of single reaction deletion on the fraction of remaining elementary modes. In these figures, the deleted reactions are sorted according to the increasing number of fraction of remaining elementary modes. Second, the maximum and minimum yields of desired products are also evaluated among the set of remaining elementary modes when a reaction is deleted as shown in Fig. 3a-d . Third, the reaction with the smallest fraction of remaining elementary modes that still support maximum yields of desired products is chosen for elimination. For example, the first round of reaction deletion is demonstrated in Fig. 3a . The choice of deleting R7 is not optimal because it reduces the maximal possible yield of P while deletion of either R1 or R4 is obviously detrimental to the feasible operation of the efficient pathways of interest. The most efficient possible choice is any of reactions R2, R5, and R6r. In the next rounds of reaction deletion as shown in Fig. 3b-d , we choose R2 as the first reaction deletion for the purpose of demonstration. Other choices of R5 and R6r are presented in Fig. 3f . We continue sequential steps of single reaction deletion until no further improvement can be achieved. As shown in Fig. 3d , since only one EM remains and operates according to the most efficient pathway to convert the substrate A to the product P, no further deletion is necessary. However, in Fig. 2b , if there is no continuation of sequential reaction deletion after the first round of eliminating R2, inefficient pathways for converting the substrate A into the product P still exist. In Fig. 3b-d , the deletion of a reaction that results in the mode fractions of 1 indicates that all elementary modes analyzed Fig. 3 Implementation of multiple reaction deletion to rationally design the most efficient pathways for converting the substrate A into the product P. a-d Evaluation of sequential reaction deletion. e Summary of the effect of multiple reaction deletion on the total number of elementary modes as well as the yield range of the desired product P. f Alternative sets of reaction deletion to achieve the most efficient pathways to convert the substrate A into the product P at the round of deletion have null flux through this particular reaction. For instance, in the round 3 of deletion as shown in Fig. 3c , deletion of R2 and R3 automatically eliminates R6r and R9. Figure 3e summarizes the effect of sequential reaction deletion on the total number of elementary modes as well as the yield range of desired product P. The approach here ensures identification of a minimal set of reactions that should be deleted to enforce the operation of pathways of interest. However, such a set is not unique. As shown in Fig. 3f , alternative sets of deleted reactions are {R2, R6r, R8r} and {R3, R5, R8r}. The sets {R2, R3, R8r} and {R2, R6r, R8r} support the operation of EM6 while {R3, R5, R8r} supports the functioning of EM7.
This approach has been successfully applied to design and construct minimal cells with efficient metabolic functionalities for biomass production and for ethanol production (Trinh et al. 2008) . The characterization of the most efficient biomass-producing E. coli TCS062 containing six genetic knockouts was conducted in chemostats under different dilution rates. The result showed that the mutant TCS062 achieved approximately 30% improvement in biomass yield when directly compared to the wild type under identical growth conditions . The mutant performance closely matched the theoretical prediction. Trinh et al. also applied a similar strategy to design a minimal E. coli cell with efficient functionality for ethanol production. The designed mutant TCS083/pLOI297 containing eight genetic knockouts was constructed and characterized in controlled batch bioreactors. The mutant was able to efficiently convert hexoses and pentoses to ethanol close to the theoretical limit in a simultaneous manner without glucose catabolite repression (Trinh et al. 2008 ). In addition, in this strain, cell growth and ethanol production are highly coupled as predicted by the model. These two examples further demonstrate the feasibility of the approach for rational design of most efficient organisms with minimized metabolic functionalities tailored for specific applications.
Conclusion
Elementary mode analysis is a useful metabolic pathway analysis tool to characterize cellular metabolism. It provides insights into cellular physiology, robustness, and regulation. The application covers many key aspects of metabolic engineering strategies such as identifying key regulatory branch points of a metabolic pathway, designing minimal cells with minimized but efficient metabolic functionalities tailored for specific applications, and identifying key enzyme targets for drug design. It can also be used as a systems biology tool to elucidate the interaction of cellular genotypes and phenotypes by the analysis of flux ratios and transcript ratios and interpreting the principal design of cellular metabolism. Since metabolic pathway analysis is the analysis of structural invariants without introduction of kinetic parameters to describe dynamic interaction of cellular metabolisms, it can only predict discrete states of cellular metabolisms. Therefore, introduction of dynamic features into structural modeling can offer a potential adventure to understand the dynamics of cellular metabolism. Furthermore, current techniques of determining the exact physiological state are still semi-empirical because some fluxes need to be measured experimentally and used for calculation. Therefore, developing more robust techniques to accurately extract cellular physiological states with the least amount of experimental data is useful to predict cellular metabolism. This approach promises to become practical if intelligent design of operational rules based on the transcriptomic, proteomic, and metabolomic data can be developed and incorporated into the model.
